ABSTRACT
INTRODUCTION
In the study of mechanics at nanoscale, two major categories of approaches exist: continuum and atomistic. The atomistic approach seeks to track the information on an atom-by-atom basis. A widely used atomistic approach is the method of molecular dynamics (MD). In MD, the atoms are displaced according to the Newton's second law and the models accounting for the interatomic interactions. These models can be obtained empirically or directly from the quantum-mechanical calculations. In the case of the empirical model, MD can typically handle up to 10 9 atoms. While this number reduces to 10 4 if direct coupling with quantum-mechanical calculation is implemented. Compared with the types of nanoscale material that have been synthesized, there is a significant gap between the scales in terms of both length and time.
Continuum approaches are well known for their capability of solving problems at large scales and have been proposed to bridge the aforementioned gaps. More specifically, both linear and crystal elasticity models have been used. In the linear elasticity model, key constants are obtained by fitting certain mechanical properties of the nanoscale materials that are available either through experiment or quantum-mechanical calculations. Due to the simplicity of the linear elastic model, computational implementation is straightforward and efficient. However, since the model is obtained based on limited experimental observation and simple curve fitting, lack of a consistent link between the continuum and atomistic properties makes it unreliable in the nonlinear range.
In the crystal elasticity theory, an energy density function is formulated by considering a particular lattice structure and the corresponding interatomic potential. The constitutive relation is built by further deriving its dependence on various deformation measures defined in continuum mechanics. Full descriptions of this approach can be found in [1] [2] [3] . For systems in which the energy density is treated as a sum of the contributions from many-body interactions, higher order elastic constants can also be defined from this theory [4] [5] [6] . Extensive use of the crystal elasticity approach for a nanoscale system can be found in the local formulation of the quasicontinuum method [7] . Extension to low-dimensional nanostructures is made in the computational framework by Arroyo and Belytschko [8] . Unlike the linear elastic model, the crystal elasticity model is inherently nonlinear due to the nonlinearity of the underlying interatomic potential. The implementation becomes more complex. However, it has the advantage over the linear elastic model due to the consistent connection to the atomistic model.
Although the idea of using a continuum model to bridge the length scale seems straightforward, question remains on the assumptions used in continuum theory. For instance, it has been shown that the widely used Born hypothesis needs to be modified [8] [9] [10] to account for complex lattices and nonlocal interactions. Furthermore, the physical meaning of the continuum concepts at nanoscale is not clear, particularly for a system in which the mechanics is governed by the discrete and nonlocal nature of the interatomic interactions. This brings additional difficulties when it comes to interpret the results that are obtained based on the continuum models. A well-known example is the evaluation of elastic modulus for nanostructures containing a single layer of atoms, which is still a disputable concept.
These discrepancies, as a result of the comparison between the model and actual atomistic behaviors, motivate a new model presented in this paper to be used as a robust representation for the nanoscale system. We term this model a "virtual atom cluster" (VAC) model for reasons to be described in the rest of the paper. The model is proposed as an effective representation of the interaction at atomic scale and can be linked to a coarse scale simulation method, such as a meshfr ee or finite element method. The linkage ensures the scalability of the numerical implementation. In contrast to the crystal elasticity model, continuum concepts such as strain and stress are completely removed. However, the model is also built based on the underlying interatomic mechanics, as in the crystal elasticity approach. This consistent link guarantees the accuracy in describing the mechanics of the nanostructure.
In this paper, we will concentrate on problems that are static and deterministic. Fine scale features of the atomic motion, such as bond breaking or reforming, will not be considered. The outline of the paper is given as follows. In Section 2, the basic formulation of the MD and a weak form treatment are presented. Section 3 introduces the concept of the VAC model. The model is then implemented in a computational framework described in Section 4. In Section 5, examples of applications of general nanostructures are presented to illustrate both the efficiency and accuracy of the proposed model. Final conclusions are made in Section 6.
BASIC FORMULATION
To describe the mechanical behavior of nanostructures, we introduce both Lagrangian coordinate X and spatial coordinate x. Both terms are defined in the Euler space and are related through the deformation mapping
in which ϕ is the mapping function and t denotes time.
Although nanostructures are discrete in nature, we shall assume that ϕ is at least C 0 continuous in the sense that Eq. (1) describes a displacement field. The mapping relation for each atom in the system is contained in Eq. (1). This is equivalent to
in which na is the number of atoms, and Greek letters, such as α, β, γ are indices for atoms.
The motion of the atoms should follow Newton's second law, which is expressed as 
Based on the properties of the Kronecker Delta function, Eq. (9) is further expressed as ( )
Equation (10) represents a scalar quantity that has the unit of energy. The test function α δu (or equivalently the virtual displacement) is interpolated using the shape functions, which can be established from the meshfree method or FEM. Assuming the shape functions are available, the approximation is given as .
in which NP is the number of nodes, I is a 3×3 Identity matrix, 
Following the basic principle of variational calculus, Eq. (19) is equivalent to the following
are all column vectors of dimension 3NP×1 that correspond to the nodal internal, external, and inert forcing terms in the meshfree/FEM formulation, respectively. Equation (21) is the discretized momentum equation solved in meshfree/FEM implementation.
Based on the definitions of int f in Eq. (18) and int f α in Eq. (4),
If na is large, the direct numerical implementation of Eq. (23) will be computationally intensive. It is easy to verify that the corresponding cost of the computation is proportional to na NP × in evaluating int F , even though shape functions have cutoff lengths. Typically na can range from 10 6 -10 10 when the system size is of the order of tens of nanometers to microns. In contrast with the MD method, which only requires evaluations of int f α for na times, the direct implementation requires significantly more effort. To resolve this difficulty, a representative model is proposed to replace the exact summation in Eq. (23) with a reduced quadrature. The details of the model are discussed in the following section.
THE VAC MODEL
A model is proposed based on the fact that crystals are made up of atoms that are arranged in a periodical fashion. The basic repeating unit of such a periodic structure is a basis of atoms. The periodicity in space is characterized by the lattice, which refers to the periodical arrangement of points in space. Different combinations of this basis of atoms and lattices give rise to countless types of crystal structures. The fundamental type of lattice is typically referred to as the "Bravais lattice." An account of the finite types of the Bravais lattice can be found in general solid-state physics literatures ( [11] for instance).
The structure of the lattice is the direct result of interatomic forces, which are derived from interatomic potentials. Interatomic forces can be either short or long ranged. The VAC model is targeted at representing the effect of the shortrange force, which is also called the bonded interaction. Typically, an atom is bonded to its limited number of neighbors through this interaction. If the periodicity is considered, the bond vectors involved in such a local environment can be represented using linear combinations of Bravais lattice. The interatomic potential can be expressed as a function of the spatial coordinates of the atom and its neighbors in various ways. These are commonly referred to as the many-body effects, depending on the coherence among the spatial coordinates of the atoms. In general, this is expressed as Similar to 0 φ , ρ φ is a constant defined at each atom and is independent of the global coordinates. The next step is to convert the discrete concept as implied by Eq. (26) to a continuous concept. This is done by replacing the original atomic structure with a virtual structure of the same geometry. This virtual structure is a "continuum" with values of ρ φ defined at each point. In other words, at arbitrary point β within this virtual structure, the value of ρ φ can be obtained by simply evaluating Eq. (27).
To perform this evaluation, it is necessary to establish a local coordinate system with coordinates X and impose 0 0 = = X X β . In addition, the other neighboring atomic coordinates in Eq. (27) should also be imposed onto the surroundings of atom β in a similar manner. The result is that we have evaluated the energy density using a virtual cluster representation of the atoms. This representation is the VAC model.
An illustration of establishing the VAC model for a two dimensional crystal structure is shown in Fig. 1 . The original atomic structure is shown on the left. We assume that the interatomic potential will include only the nearest neighbor for each atom. The total potential energy of the nanostructure is then expressed as the discrete summation
The structure in the middle in FIGURE 1 is the equivalent virtual structure. At each point, the representation of the energy density can be extracted using the VAC model, which is shown on the right. Therefore, the equivalence is expressed as
The advantage of this conversion is that the discrete summation on the atoms is now replaced by a continuous integral, which can be implemented using numerical quadrature. Because the number of quadrature points used can be far less than the number of atoms, this method is much more efficient and scalable.
VARIATIONAL TREATMENT
Based on Eqs. (28) and (29) in which the indices for the atoms correspond to the numbers shown in Fig. 1 . Therefore, the variation of the energy density can be written as 
The index G represents the index for quadrature points, G w is the quadrature weight, and NG is the total number of quadrature points. Equation (36) provides the expression for the nodal internal-forcing terms that will replace Eq. (23). It is used in the discretized momentum equation [Eq. (21)].
As can be seen, the procedures shown above are integrated with the FEM/meshfree method, however, it does not involve any stress update schemes, as routinely being done when treated as continuum. A comparison between the proposed method and the crystal elasticity approach has been made by Qian et al. [12] . It has been shown that the proposed methods yield the same results as the crystal elasticity approach. However, the proposed method is more efficient because it evaluates the interatomic force vector instead of stress and strain tensors. It is also more accurate because the error in interpolating the strain (represented by the H norm) in the continuum approach using the meshfree/FEM shape function is typically one order larger than the displacement itself (represented by the L2 norm). Furthermore, the method does not use the Born hypothesis, which has been widely used as an important assumption in crystal elasticity. For interatomic potentials that are generally nonlocal, crystal elasticity theory based on the Born hypothesis must be modified, and the resulting formulation is computationally intensive. In contrast, no changes are needed in the proposed method.
EXAMPLE PROBLEMS

Tension of a 1D Mono-Atomic Chain
A 1D mono-atomic chain, which consists of 65 equally spaced atoms with a total distance of 64, is considered. The interatomic forces are governed by the Lennard-Jones (LJ) potential which is expressed as follows: , and a cutoff length of 1.5 is assigned such that the atom will only interact with its nearest neighbors. For the purpose of comparison, static simulations using the MD and the FEM are carried out. In the MD simulation, incremental displacement is imposed on the rightmost atoms while the leftmost atom is fixed. In the FEM calculation, the 64-atom system is replaced with eight linear bar elements (nine nodes) with equal lengths. The same incremental displacement is imposed on the rightmost node. The geometry and configurations for both models are shown in Fig. 2 .
Considering the fact that the LJ potential is a nonlinear potential with softening behaviors, a Newton-Raphson scheme combined with displacement-control scheme is implemented. Shown in Fig. 3 is a comparison of the load versus displacement curve corresponding to the rightmost nodes. As can be seen, there is virtually no difference between the two methods. However, the proposed method is more efficient because it only involves 16 evaluations of interatomic forces for each increment, while the MD method involves 64. In this simple 1D case, it is trivial to prove that the solutions from the two methods are the same, since the solution to the displacement field is linear, which can be completely captured by the bar element. Although this is not the case in general, it shows the efficiency the proposed method is able to achieve when regular molecular structure is involved.
Relaxation of Mono-Atomic Circular Chains
In this example, a system of seven mono-atomic circular chains is considered. Each individual chain consists of 80 atoms. The initial configuration of the system is shown in Fig. 4a , with the initial bond length set to be 0.1418 nm and radius of 1.82 nm. The distance between the centers of the central circle and any adjacent circle is 2.02 nm. Two types of interatomic potentials are considered for the purpose of relaxation. The first is the bonding potential, which governs the interaction within the atoms at each chain. Here we adopt the model from [13] , which is a Morse-type potential that considers both bond-length and bonding-angle effects. For the nonbonded interaction, we use the LJ potential suggested in [14, 15] .
In the implementation of the VAC model, each molecular chain is replaced with 50 particles that are used for establishing meshfree approximation. The energy of the system is then minimized using an optimization technique based on the quasi-Newton method [16] . For the purpose of comparison, simulation by MD is carried out. The relaxed systems from both simulations are shown in Fig. 4b . As can be seen the two methods yield close configurations after relaxation. The difference between the minimized energies obtained by these two methods is only 1.5%.
Compressive Buckling of a SingleWalled Carbon Nanotube
Carbon nanotube (CNT) is a new generation of nanoscale material that is receiving increasing attentions from both the research and industry communities. A comprehensive introduction on the mechanics of this material can be found in [17] . In this example, a single-walled CNT with chirality of (10,10) is considered. A wide range of interatomic potential models are available for the CNT system. Here the Tersoff-Brenner potential [18, 19] is used. The length of the molecular system studied in this example is 11.56 nm and it contains 1900 carbon atoms. To fully reveal the details of the buckling at nanometer scale, the system is discretized with 1530 particles using meshfree interpolation [20] . Compressive displacements are applied at both ends of the tube such that the compressive strain increment is 0.2% per step. The load is being carried out for 40 steps. At the ends, the atoms on the perimeter are fixed as perfect circles. The problem is solved as a quasistatic case, i.e., equilibrium solution is obtained for each incremental loading step. For the purpose of comparison, simulation using the MD method is also performed. Shown in Fig. 5a is a comparison of the deformation between the meshfree and MD approaches right after instability occurs. The deformation obtained from the meshfree method is plotted as a gray-colored surface, while the structure from MD method is plotted as atoms connected by lines that represent the chemical bonds. As can be seen, the buckling patterns match well with each other. The average bending energy as a function of the bending angle is plotted in Fig.  5b , showing that the proposed method yields excellent agreement for prebuckling sta- ges as well as the initial part of the postbuckling stage. The deviation starts at the late stage of the postbuckling. This is simply an indication that the meshfree approximation is no longer enough to capture the details of the deformation. A multiscale discretization scheme [12] will have to be used to achieve a full representation of the multiple scales present.
Twisting of a Multiwalled CNT
This example concerns a multiwalled CNTs consisting of eight layers of nested individual (n,n) CNTs. This simulation is motivated by the forma-tion of nano-ribbons observed in the experiment [21] . The chirality parameter of the nanotubes start with n = 150 from the outer most tube and reduce by 5 for each layer. The length of the multiwalled CNTs is 450 nm, which is close to the size of the CNT observed in the experiment in [21] . The original molecular structure contains approximately 7.9 million carbon atoms. This is replaced by a meshfree approximation that consists of 24,160 particles.
The two ends of the tube are again held fixed as perfect circles and an incremental twisting angle of 0.25° is imposed on both ends. The same interatomic potential model as in Section 5.3 is used. For the interlayer interactions, a combined model proposed in [15] is adopted. The loading is carried out for 240 steps. Shown in Fig. 6 are the snapshots of the deformed tube as the twisting angle progresses. The color contours plotted on the surface of the tube indicate the magnitude of the energy density. Shown in Fig. 7 is the change of the cross section at the middle length of the tube due to the applied twist. The color of the particles plotted indicates the layers. As the twisting progresses, the crosssection shape starts to change. Two instability patterns can be seen from both Fig. 6 and Fig. 7 . The first instability occurs at a twisting angle of ~30°. A twisting pattern with multiple "ripples" is observed, correspondingly, the cross-section shape has deformed in a nonsymmetric fashion. The second instability occurs at ~60° and further develops. As can be seen from the cross section, the tube starts to collapse due to the applied twist, and a nano-ribbon is formed. 
CONCLUSIONS
We have proposed a Virtual Atom Cluster model as an alternative to the traditional continuum approach for the mechanical simulation of crystal structures. This model is built based on the symmetry properties of the crystal structure and the short-range nature of chemical bonding. Unlike the crystal elasticity approach, the proposed method does not involve any calculations of high-order tensors, such as stress. Therefore, it is more efficient. On the other hand, since the model uses the same interatomic potential as in the atomistic simulation method, this ensures a consistent link between the FEM/meshfree simulation and atomistic simulations. Finally, test problems are given to show the robustness of the proposed method. The proposed method can be further combined with the atomistic simulation method to resolve problems in which both the coarse and fine scale features of atomic motion are important.
